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Summary & Conclusions - The Birnbaum-Saunders dis- 
tribution is prevalent in the engineering sciences as an effective 
means of modeling fatigue life. In practice however, there is no 
guarantee that the collected data follow such a model. Con- 
sequently, this paper considers the robust estimation of the 
parameters & quantiles of this distribution. This robust pro- 
cedure is a powerful alternative to commonly used procedures, 
such as MLE (maximum-likelihood estimate), which are sen- 
sitive to model deviations that often occur in practice hence 
yielding severely distorted parameter estimates. Our robust 
estimation technique is based on OBRE (optimal bias-robust 
estimator) and assigns a weight to each observation and gives 
estimates of the parameters and quantiles based on data which 
are well modeled by the distribution. Thus, observations which 
are not consistent with the proposed distribution can be iden- 
tified and the validity of the model assessed. 

An ‘application to aluminum fatigue data’ and ‘simulation 
results’ provide strong evidence in support of OBRE. OBRE is 
extremely competitive with the MLE at the model. As well, in 
the presence of bad data, OBRE provides good estimates with 
modest standard deviations based on ‘the bulk of the data’ 
and ‘insightful weights identifying observations lying outside 
the model’. The OBRE efficiency deteriorates with increasing 
a (shape parameter) but for the usual range of 0 < Q < 1, 
OBRE performs more than adequately for practical purposes. 
Furthermore, efficiency in many ways becomes a non-issue as 
we move away from the model. We must give up some degree 
of efficiency to gain robustness, and OBRE provides a powerful 
method of doing so. The simulation study shows that compro- 
mises can be made which are effective in both regards. 

Since statistical-confidence intervals can be calculated for 
OBRE, robust statistical-confidence interval estimates for the 
critical time of the hazard rate can also be obtained. These 
techniques are fundamental in describing, analyzing, and com- 
paring fatigue data so that engineers can achieve the desired 
reliability on a rational basis and at the same time avoid serious 
consequences stemming from incorrect inference. 

INTRODUCTION 

Acronyms‘ 63 Abbreviations 
s- statistical 

BSD Birnbaum Saunders distribution 

lThe singular & plural of an acronym are always spelled the same. 

IF influence function 
LMS least median squares 

LS least squares 
ML maximum likelihood 

MLE ML estimator 
2CI 2-sided symmetrical s-confidence interval 

rms root mean square 
OBRE optimal bias-robust estimator 

BSD is widely applied in the engineering sciences as an 
effective means of modeling stochastic wear-out. Derived 
in the context of fatigue [l, 21, BSD can be used to model 
the life-lengths of structural components in critical ap- 
plications such as aerospace & bridge design [I, 2, 5 ,  6, 
161. Typically, the parameters of such distributions are 
estimated using classical procedures such as ML. Unfor- 
tunately, in many practical situations we are faced with 
deviations from the assumed model especially when con- 
sidering fatigue data. Even small deviations can greatly af- 
fect ML parameter estimates and have far reaching reper- 
cussions on both engineering design and reliability. De- 
sign engineers, for instance, use lower quantiles which are 
functions of the parameter estimates. Poorly estimated 
quantiles can lead to serious consequences such as struc- 
tural failure in buildings and bridges or premature failure 
of mechanical components. 

This paper develops robust techniques, based on the 
optimal bias-robust estimator, for estimating BSD. These 
techniques perform approximately as well as MLE at the 
model but are far superior in the presence of contamina- 
tion. Efficient parameter-estimates are obtained based on 
observations agreeing with the assumed model as well as 
an insightful set of weights. These weights are used to as- 
sess the validity of BSD since observations with low final 
weights do not fit BSD. To ignore this information can 
jeopardize the validity of any inferences. 

Section 2 shows that both the MLE and the Mean 
Mean-Estimator [a] have unbounded influence functions 
and hence poor robustness; then it introduces the power- 
ful alternative, OBRE, and robustifies the graphical ap- 
proach of Chang & Tang [3] to obtain effective starting 
values for its iterative computation. Section 3 analyzes 
aluminum fatigue data. Section 4 presents simulation re- 
sults. Appendix A.l gives details of OBRE; appendix A.2 
summarizes the fitting algorithm. 
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time t 2 0 unless otherwise specified 
parameters of the BSD; a > 0, p > 0 
Cdf of BSD; see (1) 
number of parameters in the model 
pdimensional parameter 
score function 
robustness constant 
arithmetic mean 
reciprocal of the harmonic mean 
mean mean-estimator of p 
Fisher consistent score function 
Cdf{.} with parameter 0 
asymptotic covariance matrix 
weight function 
empirical Cdf{ .} 

quantile of BSD y 
implies: data-based estimator 
implies: transpose 
precision threshold 

gauf(zq) = Y 

Standard Notation 
0 gaud(.), gauf(.), gaufc(-): pdf, Cdf, Sf of the standard 

Gaussian distribution. 4 

2. OPTIMAL BIAS-R.OBUST ESTIMATORS 
The BSD has Cdf 

The BSD involves a 2-dimensional parameter 0 = [a, PIT; 
,!5’ is both a location parameter (median of the distribution) 
and a scale parameter, and a is a shape parameter (and 
consequently the most critical of the two). As a -+ 0, the 
distribution tends to  s-normality. 

The robustness of an estimator can be assessed by means 
of its IF [12, 131 which describes the effect of a small 
amount of contamination on the estimate. The IF  of an 
MLE is proportional to its score function. Specifically, for 
the BSD, the MLE has score function: 

dln ( f ( t ;  a, P ) )  - -a2 . P . t + t2 - 2p . t + p2 
- 

da a 3 . P . t  

ap 

7 

dln ( f ( t ;  a ,  P I )  - - 

1 - p .  a2 * t 2  + p 2  a2.  t + t 3  - p 2  * t + p .  t 2  - p3 

p 2  . a2 . t . (t + p) 
- 

2 

which is unbounded in t. Hence the corresponding IF  
This explains why the MLE 

, 

must also be unbounded. 

20ther,  standard notation is given in “Information for Readers & 
Authors” at  the rear of each issue. 

become s-biased and inefficient when the model does not 
hold exactly, and motivates the need for an alternative 
estimation procedure. 

A desirable robustness property for an estimator is that 
it have a bounded IF. Such an estimator is called bias- 
robust. Bounding the IF  can ensure that ‘small deviations 
from the model distribution’ do not cause ‘large changes in 
the estimates’. OBRE [14] is constructed to have bounded 
influence and provides the weights, to indicate which ob- 
servations, if any, are not well fit by the model. OBRE 
belongs to  the class of M-estimators which are a general- 
ization of the MLE. The estimator for 0 is given in ap- 
pendix A.l .  

The ‘weights assigned by OBRE’ I 1, and are less than 
1 when the norm of the scaled score function exceeds the 
cutoff, c. The weights are determined by the value of a 
suitably normalized score function. If the score function 
is large in the appropriate metric, it indicates that the ob- 
servation is somewhat distant from the main body of the 
observations, based on the current parameter estimates. 
As a result, observations with low final weights are those 
that do not fit the model, as determined by the robust pa- 
rameter estimates. The constant c is the bound on the IF 
and acts as a regulator between robustness and efficiency: 
for small e, robustness increases and efficiency decreases, 
and for large c, the opposite is true. The most robust esti- 
mator is achieved at c = fi. The MLE (most efficient) is 
obtained at  c = CO. In practice, c is often chosen to achieve 
95% efficiency at the model. This is a generally accepted 
rule of thumb [8, 201. For observations which are consis- 
tent with the current values of 0 (‘and the hypothesized 
model), the weights are 1 and the score function is that of 
the MLE. This ensures that OBRE; is efficient since it is 
as similar as possible to the MLE for the majority of the 
data. The weight function gives precisely the information 
needed to determine whether the model is consistent with 
the data. If a potentially informative observation is down- 
weighted, then inferences based on the BSD are likely to 
be flawed. The options are to base the inferences on the 
points which are well-fit by the model and down-weight 
the observation(s) or try to develop alternative models in 
which all the weights are close to  1. 

To assess the weights properly, remember that OBRE 
might down-weight points generateld from a BSD. To un- 
derstand this behavior, we ran a small simulation: gener- 
ate samples of size 100 from a BSI) and run 500 simula- 
tions a t  each of 5 values of a; ,B = 1. Table 1 gives the 
mean and standard deviation of the weights of the ordered 
observations; it provides calibration for determining when 
the down-weighting indicates a serious lack of fit. (These 
results show no change in the first 3 decimal places when 
the random number generator seed is changed). 

The OBRE are computed from an algorithm originally 
used in personal-income models [20]. OBRE has been suc- 
cessfully applied in the context of extreme-value theory [7, 
81. We have altered the algorithm to apply it to BSD. The 
basic idea is to begin with the score function and modify 
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Table 1: Mean (Standard Deviation) of Weights for OBRE ( e  = 4) for BSD Data 

Rank of Observation 
a 1  2 3 4 5 ... 96 97 98 99 100 

0.2 .80 .96 1.00 1.00 1.00 1.00 1.00 1.00 .96 31 
(.18) (.09) (.02) (.OO) (-00) ( .OO) (.OO) (.02) (.09) (.18) 

0.6 .77 .94 .99 1.00 1.00 1.00 1.00 .99 .94 .78 
(.19) ( . lo) (.03) (.01) (.OO) (.OO) (.OO) (.03) ( . lo) (.18) 

1.0 .73 .92 .98 1.00 1.00 1.00 1.00 .99 .92 .74 
(.19) ( . la)  (.04) (.01) (.OO) (.OO) (.01) (.04) (.12) (.19) 

1.4 .69 .88 .97 1.00 1.00 1.00 1.00 .98 .89 .70 
(.20) (.14) (.06) (.02) (.OO) (.OO) (.01) (.06) (.14) (.19) 

1.8 .65 .85 .96 1.00 1.00 1.00 1.00 .96 .86 .66 
(.20) (.15) (.08) (.03) (.OO) (.OO) (.02) (.08) (.15) (.19) 

it so that: 1) the influence function is bounded, and 2) it 
is Fisher consistent. The steps are detailed in appendix 
A.2. 

Our OBRE algorithm is convergent, provided the start- 
ing value of 0 is near the solution. Having already estab- 
lished that the MLE performs poorly in the presence of 
contamination, one may argue that the use of the MLE as 
starting values is not robust enough. R.ef [a] asserts the 
great utility of 

(3) 

However, (3) is sensitive to s-outliers3. The IF  of S is un- 
bounded while that for H is bounded. Thus, ,6 possesses 
an unbounded influence function and is therefore also un- 
suitable as a starting value for the OBRE algorithm. 

Another estimation procedure for the BSD parameters 
was proposed in [3]. That procedure involved transform- 
ing & parameterizing the data to obtain a pair of variables 
with a linear relationship and then using LS regression to 
fit a straight line. From the estimated parameters of this 
fitted line, the BS parameters can be estimated. Since 
LS estimates also have poor robustness, we suggest using 
LMS regression [19] instead. The LMS estimates remain 
consistent with the majority of the data, even in the pres- 
ence of contamination, helping to ensure convergence of 
the OBRE algorithm. When no s-outliers are present, this 
procedure yields results which differ little from the LS so- 
lution. This modified graphical method is called the LMS 
method. 

One may question the necessity of going further to com- 
pute OBRE, given the strong robustness properties of sim- 
ply using the LMS method. To justify going further, we 
reemphasize some of the more important aspects of OBRE: 
. unlike the LMS method, OBRE has the ability to assign 
insightful weights to the observations of concern. 

3The term s-outlier is not related a t  all to  the physical validity 
of a datum (whether or not it was an experimental mistake); it is 
related only to  how well the data fit a particular model, regardless 
of the adequacy of that  model. 

. unlike the LMS method, OBRE enables calculation of the 
asymptotic covariance matrix [14] of the estimates useful 
for obtaining 2CI and comparing s-efficiencies. 
Thus, we advocate use of the LMS method only for ob- 
taining starting values. 

OBRE is asymptotically s-normally distributed when Q 
is bounded & continuous as it is in the case a t  hand. Exact 
regularity conditions are in [15]. 

V(Q, Fe) M(Q, Fe)-' . Q(Q, Fe) . M(Q, Fe)-T ,  (4) 

This exact asymptotic covariance matrix is very diffi- 
cult to compute analytically due to the implicit definition 
of many terms. We apply the plug-in principle and obtain 
estimates by replacing Fe with F("). The plug-in prin- 
ciple works quite well in general [lo]. There is empirical 
evidence that the approach is good for (4) when Fe is the 
generalized extreme-value distribution [9] and we antici- 
pate similar behavior when Fe is (1). 

3. APPLICATION TO ALUMINUM FATIGUE DATA4 
We use OBRE to analyze aluminum fatigue data which 

has been used as a bench mark for tests regarding BSD [l, 
21. We address: 
. model adequacy, and 
. detection of s-outliers, 
both of which are very relevant in many statistical anal- 
yses of this kind. The data, collected by members of the 
Instrument Development Unit of the Physical Research 
Staff, Boeing Airplane Company, are the number of cycles- 
to-failure of 101 strips of 6061 -T6 aluminum sheeting, cut 
parallel to the direction of rolling. Each had been sub- 
jected to periodic loading with a frequency of 18 cycles/sec, 

4The number of significant figures is not intended to imply any 
accuracy in the estimates, but to illustrate the arithmetic. 
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Table 2: Aluminum Fatigue Data, lifetimes (kilo-cycles) 
Maximum stress/cycle 31 kpsi 

70 90 96 97 99 100 103 104 
104 105 107 108 108 108 109 109 
112 112 113 114 114 114 116 119 
120 120 120 121 121 123 124 124 
124 124 124 128 128 129 129 130 
130 130 131 131 131 131 131 132 
132 132 133 134 134 134 134 134 
136 136 137 138 138 138 139 139 
141 141 142 142 142 142 142 142 
144 144 145 146 148 148 149 151 
151 152 155 156 157 157 157 157 
158 159 162 163 163 164 166 166 
168 170 174 196 212 

Table 3: Parameter Estimates (Standard Deviations) for the 
Aluminum Fatigue Data 

MLE OBRE 
a 0.17(0.01) 0.15(0.01) 
p 131.82(2.23) 133.00(1.89) 

and maximum stress of 31 kpsi. The 101 observations are 
shown in table 2. 

Assumptaon 

with unknown parameters a,  p. 
1. The observations in table 2 are i.i.d. following (1) 

4 

Table 3 lists the MLE and OBRE (c = 4.0). Estimates of 
standard deviation for the OBRE are computed from (4). 
Estimates of standard deviation for the MLE are computed 
from their asymptotic covariance matrix [ll]. Parameter 
estimates have changed and the standard deviations for the 
robust estimates are reduced since they are less influenced 
by deviations from the model. 

A complete analysis requires inspection of the weights. 
All weights are 1 with the exception of the two smallest 
& largest observations which are assigned weights 0.32, 
0.92, and 0.75, 0.53, respectively. When we compare the 
assigned weights with those in table 1, only the smallest 
and the two largest are a concern. The OBRE, in down- 
weighting these observations, suggests that they are per- 
haps not well fit by a BSD model. In many engineering 
applications such s- outliers are often the observations of 
greatest interest. 

OBRE, which fits the bulk of the data, estimates p of the 
aluminum sheeting a t  approximately 133 kilocycles. TJsing 
the MLE instead yields an estimate of p of 131 kilocycles. 
However, MLE does not fully account for all observed be- 
havior so we must question the validity of inferences drawn 
from it and perhaps seek alternatives. 

The t ,  is often the quantity of interest for reliability 
evaluation; t ,  for BSD is the solution of 

F(t,;a,P) - 4 = 0 (5) 

Table 4: Point and 95% 2CI Estimates of an Example Lower 
Quantile for Aluminum Fatigue Data 

MLE OBR,E 
t.001 78.32 83.63 
2CI (77.71,78.93) (83.24,84.011) 

- 

F ( . )  is from (1). From [4]: 

t ,  = $ [ a .  z ,  + p - 7 T q I 2  

Table 4 gives point and ‘95% 2CI’ estimates of to.ool. 
The 2CI were computed using the delta method. These 
2CI were compared with those from [4]. The latter were 
found to be more conservative as [4] had suggested they 
would be. A thorough investigation of which 2CI are more 
appropriate will be the subject of a% separate paper. Re- 
gardless, the results show an important difference between 
the quantile obtained using the OlBRE IJS that obtained 
using the MLE. The MLE of t.001 yields an estimate of ap- 
proximately 78 kilocycles. Alternatiively, the OBRE yields 
84 kilocycles. In a design context the former estimate 
would force the engineer to build a stronger structure but 
perhaps5 unnecessarily. In building a stronger structure 
there is of course increased cost, manpower, and time in- 
volved. 

To reduce the probability of making a poor choice of 
estimate, it is best to determine whether the two smallest 
and largest observations should rernain pert of the data- 
set. If this is the case, then alternative model fitting pro- 
cedures, such as mixtures should be used. Unfortunately, 
determining these models is not easy. If instead, they are 
special cases to be handled separately we would be secure 
reporting the OBRE of the quantile. 

The aluminum fatigue data contained no gross errors. 
Gross errors (by definition) arc caused by physical or 
recording errors; they do not follow the proposed model 
and, unlike good observations that simply do not follow 
the model, one should not modify the model to accom- 
modate them. It  is important to  identify these errors and 
avoid any impact that  they might have on the analysis. To 
illustrate further the usefulness of the OBRE, we insert a 
gross error in the data and carry out the computations as 
usual. 

Let the observation 51 be misrecorded as 633 (instead 
of 133). We can easily imagine such an event occurring. 
The MLE are heavily distorted and yield: 

,b = 134.77(3.22), 
t.001 = 64.94(3.55). 

B = 0.24(0.02), 

5The reader is reminded of the 2 kinds of errors. 1) making 
it stronger when not needed, and 2) not making it stronger when 
needed. 
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Table 5:  s-Bias (RMSE) of Estimators of a & p for BSD Data [OBRE/c implies the value of c for t h a t  line] 
a = 0.2 CY = 1.0 CY = 1.8 

n Method CY P a P CY P 
25 MLE -.004(.029) .000(.042) -.023(.145) .018(.192) -.046(.264) .038(.285) 

OBRE/4 -.010(.039) .000(.044) -.050(.174) .005(.223) -.120(.397) .028(.387) 
OBRE/3 -.007(.038) .000(.042) -.032(.186) .002(.208) -.096(.395) .034(.399) 
OBRE/2 -.006( ,039) .OOO( .047) -.035( ,200) .009( .240) -. 143( ,486) .044( ,437) 

50 MLE -.001( .020) .001( ,028) -.008( .098) .011(. 124) -.016( .178) -.021(. 181) 
OBRE/4 -.004(.023) .001(.030) -.027(.133) -.004(.155) -.068(.313) .000(.234) 
OBRE/3 -. 003 (.024) .001( .031) -. 019(. 127) .002(. 150) -.048( .289) .010(. 237) 
OBRE/2 -.002(.027) .001(.033) -.012(.134) .006(.159) -.046(.313) .016(.280) 

OBRE/4 -.003(.015) -.000(.021) -.016(.082) -.005(.098) -.030(.172) -.005(.145) 
100 MLE -.001(.014) -.000(.020) -.005(.069) -.002(.089) -.010(.125) -.006(.127) 

OBRE/3 -.002(.016) -.001(.021) -.013(.084) -.005(.099) -.029(.192) -.007(.155) 
OBRE/2 -.002( 018) -.OOl( 022) -.010( 094) -.003(.107) -.010(.125) -.002(172) 

OBRE, on the other hand, assigns a weight of 0.05 to the 
gross error and yields the more reasonable values: 
6 = 0.15(0.01), 
/? = 133.40(1.68), 
t 001 = 84.36(1.43). 
Similar results are found with other gross errors. 

4. A SIMULATION STUDY 
To investigate OBRE further, a simulation study was 

performed; it was designed to gage the effectiveness of 
OBRE when the BSD model holds exactly as well as when 
there is contamination. Samples of size n = 25, 50, 100 
were generated. Sample sizes larger than this were not con- 
sidered since, in practice, data-sets larger than this seldom 
exist. Fatigue data, for example, are not only expensive, 
but very difficult to obtain. 

The a! in the BSD was permitted to have values in ( 0 , 2 ] ;  
this range is consistent with that in the literature. For ex- 
ample, fatigue studies indicate that (0,0.5] is the usual 
range [a], aircraft-engine data showed that a > 2 is atyp- 
ical in practice [18], and general practical engineering ap- 
plications suggest that  (0,1] is the range of interest [18]. 

Both the MLE & OBRE of p are invariant under linear 
transformations of the data; so (without loss of general- 
ity) set ,B = 1. Three values of c were considered: 2, 3, 
4. All reported values are based on 500 simulations (and 
show no change in the first 2 decimal places when the seed 
of the random number generator is changed). Data were 
generated with the random number generator run1 [17] in 
Fortran on a DEC-Alpha. 

Some minor problems were encountered with conver- 
gence of the OBRE algorithm. In some cases, estimates 
oscillated between two values (never gaining any ground). 
The values of the parameters when the maximum num- 
ber of iterations (30) was reached were taken as the esti- 
mates. In other cases, a procedure similar to that used 
in nonlinear regression was required to ensure intermedi- 
ate values remained nonnegative. These cases accounted 
for less than 1% of the total simulations. Removing the 
problematic cases, and reporting only cases of absolute 

convergence might have improvec. our nesults. However 
our results as they stand, are already a considerable im- 
provement over the MLE; thus all cases are included in the 
results presented. 

4.1 OBRE at the Model 

with: 
a = 0.2, 0.6, 1.0, 1.4, 1.8; 
p =1.0. 
In doing so we wish to determine the loss of efficiency 
relative to the MLE which occurs when we build-in this 
type of s-outlier protection. 

Table 5 reports the s-bias and the rms deviation of the 
estimators for various values of e. Overall, the estima- 
tors are quite similar in behavior with the MLE showing 
slightly less bias and slightly smaller rms deviation. As 
anticipated, the results improve with increasing n - val- 
idating the consistency of the OBRE of a!. These results 
suggest that  OBRE is in close competition with the MLE 
at the model. 

We first evaluate the behavior of OBRE at the model 

Table 6: Overall Relative EfFiciency (in %) for OBRE for BSD 
Data, n=100 

OBRE to MLE 

We are aware that the sensitivity of OBRE to contam- 
ination depends on the choice of c. However, lowering c 
leads to an efficiency loss at the model. To quantify this 
loss, we can measure the overall relative efficiency at  the 
model using the ratio of the traces of the asymptotic co- 
variance matrices of OBRE and the MLE. Table 6 shows 
these results. With a = 0.2, the OBRE ( c  = 4) is 95% 
as efficient as the MLE. These overall relative efficiencies 
deteriorate both with decreasing c and increasing a!. One 
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Table 7: Effects of Contamination on MLE and OBRE, n=100, a=0.5, p=l.O 
Model Contamination Bias (a ,  p) 

MLE OBRE 
1 1% [upper] (. 110, .062) 

(-,012,-.003) 
(-.009,-.002) 

2 l%[lower] (.110,-.058) 
(-.on,-.002) 
(-.008,-.001) 

(.031,-.039) 
(.029,-.036) 

3 5%[mixed] (.297,-.198) 

Bound 
C 

4.0 
2.0 

4.0 
2.0 

4.0 
2.0 

R.MSE 

(.117,.081) 
(.051,.053) 
(.052,.054) 
(.118,.055) 
(.051,.053) 
(.050,.054) 
(.305,.204) 
(.070,.067) 
(.068,.066) 

Table 8: Mean (standard deviation) of weights for the OBRE (c = 4.0) for contaminated BSD Data 

Rank of Weight 
Model 1 2 3 4 5 . . .  96 97 98 99 100 

1 .80 -96 1.00 1.00 1.00 1.00 1.00 -99 .95 .08 
(.18) (.09) (.02) (.OO) (.OO) (-00) (.OO) (.03) (-10) (.15) 

2 .08 .95 .99 1.00 1.00 1.00 1.00 1.00 .96 .81 
(-01) (-10) (.03) (.01) (.OO) (.OO) (.OO) (-02) (.09) (.18) 

3 .23 .34 .45 .62 3 7  1.00 1.00 1.00 .99 .90 
(.09) (.12) (.15) (.19) (.16) (.OO) (.OO) (.02) (.04) (.14) 

cannot anticipate keeping the efficiency when increasing 
the robustness. However, table 6 illustrates that the effi- 
ciency is still within a very acceptable range in the region 
of greatest practical application: 0 < a < 1. 

4.2 OBRE with Contamination 
We designed contaminated models in the context of 

fatigue, because this is the application of primary concern. 
Data were generated according to the 3 models: 

1. Model with 1% of very bad contamination; the upper 
1% of the observations are multiplied by 5 
[a = 0.5, p = 1.01. 

2. Model with 1% of very bad contamination; the lower 
, 1% of the observations are multiplied by 1/5 

[a = 0.5, 

3.  Mixture model with 5% contamination given by 

p = 1.01. 

(0.95 . F ( t ;  CY, p)  + 0.05 . F ( t ;  a ,  O.lp)} 
[a = 0.5, /3 = 1.01. 

Model 1 introduces observations into the upper tail of 
the distribution; they pose as those structures that just 
won’t fail, but instead survive much longer than one would 
usually anticipate. These longer life-lengths might be the 
result of faulty machinery, ineffective testing, incorrect 
mixing, etc. 

Model 2 introduces observations into the lower tail of the 
distribution. Such unlikely events could represent severely 
shortened life-lengths, perhaps as a result of machine mal- 
function or power outage. In either case if these observa- 
tions are accepted as part of the model they increase the 

skewness of the original distribution. Hence we anticipate 
the MLE to accept these extreme observations and con- 
sequently over-estimate a. Alternatively, the OBRE, in 
identifying these extreme observations as s-outliers, should 
remain relatively unaffected. Our results substantiate this 
as shown in table 7. 

The p (median) should show little change since a few 
extreme observations have little impact on such a robust 
estimate. Our hypotheses are validated by the results. 
With 1% contamination in the upper tail of the distri- 
bution (model l), there is a small but positive s-bias as- 
sociated with the MLE of p. When the contamination 
is in the left tail of the distribution (model 2) there is a 
small negative s-bias associated with1 the MLE of p. This 
phenomenon is not shown by the OBRE of ,/3 which consis- 
tently slightly underestimates ,B as a result of the residual 
down-weighting that has occurred. 

I t  is also quite feasible that parts of a structure exhibit 
a different life-length distribution than that of the bulk of 
the structure. This could be a consequence of incomplete 
mixing of components, or perhaps even faulty machinery. 
Such a model is one in which the majority of the data 
follows one distribution, but a small fraction follows some 
other distribution; it is a mixture model. In this case we 
intend for the OBR,E to help identify the part of the struc- 
ture following a different life-length distribution. Once 
identified, the corresponding part of the data-set can be 
removed, and modeled separately; thus leading to a more 
accurate model of both parts of the structure. Model 3 is 
one such situation; again OBRE shows little change while 
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the MLE are heavily distorted. 
I t  is instructive to examine the weights that  have been 

assigned to the contaminated models; see table 8. For 
model 1, the largest observation (1% upper contamina- 
tion) has been substantially down-weighted. For model 
2, the smallest observation (1% lower contamination) has 
been substantially down-weighted. The 5% contamination 
of model 3 is in the lower tail of the distribution since /3 
was reduced to 1/10 of its original size, to generate this 
contamination. This contamination (the smallest 5 obser- 
vations) has been effectively down-weighted. Evidently, 
OBRE has successfully picked up the contamination and 
placed little importance on it when calculating the param- 
eter estimates. 

It is important to ascertain that OBRE is still compet- 
itive with regard to its variance in the presence of con- 
tamination. I t  is no longer appropriate to report relative 
efficiencies since this term is usually reserved for compar- 
ing the variance of one estimate with another known, a 
priori, to be optimal, eg, the MLE at the model. However, 
here we are no longer at the model so the MLE is not nec- 
essarily optimal. Consequently, we report the ratio of the 
variances, and carefully interpret them. Table 9 gives the 
variance ratios €or some of the contaminated models; it is 
clear that the OBRE are far less variable than the MLE 
in the presence of contamination. As c decreases, the vari- 
ances of OBRE increase. This is as we anticipate since 
we are sacrificing efficiency for robustness by decreasing e. 
One could also look at a ratio of mean squared deviations 
(doing so would add the squared s-bias terms to the vari- 
ance). However, since we have already shown the OBRE 
to have appreciably reduced s-bias in comparison to the 
MLE, we can effectively compare their variability by using 
the variance only. 

Table 9: Variance Ratios of the MLE to OBRE for Contami- 
nated BSD data  

OBRE to MLE 
Model 1 1 2 2  

c 4.0 2.0 4.0 2.0 
a 5.42 2.87 5.44 2.88 
,B 1.80 1.35 1.41 1.04 

for some function Q : T x RP -i RP, The IF of an M -  
estimator Q a t  Fe is: 

IF@; Q, F e )  M(Q, Fe)-' . Q(t, O ) ,  

M(Q, F e )  = - / &Q(t, 0 )  dFe( t ) .  (A-1) 

The OBRE is optimal in the sense that it is the M -  
estimator which minimizes the trace of the asymptotic co- 
variance matrix under the constraint that  it has a bounded 
IF. There are several versions of the OBRE: each different 
in the way they choose to bound the influence function. 
Here, we use the standardized OBRE. For a given bound c 
on the IF ( e  2 fi), these estimators are defined implicitly 
by: 

Q(t2; 0 )  = x{s(t,; 0) - a(@)} . Wc(t,; 0 )  (A-2) 
2=1 Z=1 

s( t ;  0)  is as in (2), 
1 1 . .  . 1 1  denotes the Euclidean norm. 
The p x p matrix, A(@), and the p x 1 vector, a(@) are 
defined implicitly in: 

E{Q(t; 0 ) .  Q(t; = A(@)}-', (A-4) 
E{Q(t; 0) )  = 0.  

A.2 Summary of OBRE Fitting Algorithm 

Step 1 

estimates (starting values) of a,  P. 
Step 2 

J(0) = J ' s ( t ,  0 ) .  s ( t ,  

is the Fisher information matrix. 
Step 3 

There are 5 steps for an observed sample t l ,  . . . , t,. 

Fix an initial value for 0 = [a, PI* by computing initial 

Fix 7 ,  e,  a = 0, A = J1/2(0)-T. 

dFe( t )  

Solve the following 2 equations for a and A: 
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APPENDIX 

The OBRE are the solution T, of the equation-set: 
A.l Optimal Bias - R,obust Estimators 

A ~ .  A = M;~, 
J s( t ,  0)  . WC(t, 0)  dF@(t) 

JWc(t,@) dFo(t)  ' 
a =  

MI, = J' @(t)  @(t)' Wc(t; O ) k  dFe( t ) ,  k = 1,2; 

@(t)  s( t ,  0) - a 

The current values of 0, a, A are used as starting values 
to solve the equations in this step. 
Step 4 

Compute M1 using a & A from step 3, and: 

n 

i=l 

@ ( t 2 )  . W,(t,, 0)  . 
,=1 1 
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Step 5 

Then 0 4 0 + A@, 
and Return to step 3; 
Else Stop; 
End-lf. 4 

The integration can be avoided in step 2 and in com- 
puting ibfk (steps 3 - 4) by replacing Fo with its empirical 
Cdf. However, numerical integration must be used t o  com- 
pute a, otherwise (A.2) will be satisfied by all estimates. 

If maxJ [*: 1 2 1  ] > q, for J = 1’2; 
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